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We give several sufficient conditions on the half-degrees of a bipartite digraph for 
the existence of cycles and paths of various lengths. Some analogous results are 
obtained for bipartite oriented graphs and for bipartite tournaments. 
Nous donnons des conditions sur les demi-degres dun graphe biparti oriente 
suffisantes pour l’existence de circuits et chemins de longueurs variees. Nous 
obtenons ensuite des resultats analogues pour de graphes bipertis antisymetriques 
et tgalement pour les tournois bipartis. @‘I 1990 Academic Press, Inc. 
Many sufficient conditions for the existence of paths and cycles of 
various lengths in digraphs are known (see, for example, [S] ). The object 
of this work is to point out some results for bipartite digraphs with condi- 
tions on the half-degrees. 
Throughout this paper, D = (X, Y, E) denotes a bipartite digraph of 
order n with partition (X, Y), where 1x1 = a < b = ) Yl and n = u + b. Then 
V(D)(= Xv Y) denotes the set of vertices and E(D) denotes the set of arcs 
of D. When a = b, we say that D is balanced. If x and y are vertices of D, 
we say that x dominates y if the arc (x, y) is present. For A, BG V(D) and 
AnB=@, we define E(A-+B)= {(x, y)lx~A, DEB, (x, Y)EE(D)} and 
E(A, B) = E(A + B) u E(B + A). For a vertex x of D, we define r; (x) and 
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T;(x) to be the sets of vertices of B which, respectively, dominate, and are 
dominated by, the vertex x. The B-outdegree, B-indegree, and B-degree of 
x are defined as /r,+(x)], IZQ(x)l, and I&(x)/ + Ir,+(x)l, respectively, 
and are denoted d,+(x), d;(x), and d,(x), respectively. The bipartite 
diagraph D is said to be r-diregular, or more simply diregular, if a11 the 
indegrees and outdegrees are equal to r. A matching M from X into Y is 
a set of arcs of D with origin in X and terminus in Y such that no two arcs 
in M are adjacent. When the cardinality of M is 1x1, we say that M 
saturates X. 
Let us recall some results which shall be used in this paper. 
THEOREM a [6]. If D is a strong digraph of order n in which the mini- 
mum degree is n, then D is either pancyclic or isomorphic to the complete 
bipartite digraph K,*,,,,,(n,2,. 
LEMMA b [8]. Let D be a bipartite digraph which contains a cycle C of 
length 2r, 2r < n. Let x be a vertex not contained in C. If IE(x, C)] > r, then 
D contains cycles of every even length m, 2 Q m < 2r, through x. 
LEMMA c [ 131. Let D be a digraph which contains a cycle C of length 
n - 1 and let x be the vertex not in C. If d(x) 3 n, then there are cycles of 
all lengths m, 2 6 m 6 n, through x. 
THEOREM d [ 123. Let D be a digraph of order n = 2r + 1 and minimum 
half-degrees at least r. Then D has a hamiltonian cycle unless D = 
[(K, u K,) + K, ] * or KT, + , c D E [K, + K, + , ] * or else D is isomorphic to 




In Theorem 3 we shall prove that any bipartite digraph D = (X, Y, E) 
with half-degrees at least r, Q < 2r - 1, has a cycle of length 2a unless it is 
isomorphic to one of a set of special bipartite digraphs. But before proving 
this theorem, we have to establish a series of lemmas, 
LEMMA 1. Let D = (X, Y, E) be a bipartite digraph with minimum half- 
degrees at least r. Then 
(i) If a < 2r, D has a matching from X into Y which saturates X. 
(ii) If a < 2r - 1, then any arc with origin in X and terminus in Y 
belongs to a matching from X into Y which saturates X. 
Proof: (i) By a theorem of Hall and Konig (see [4, p. 128]), we only 
have to prove that for any subset A of X IT’(A)1 > IAl. If IAl 6r, the 
result easily follows. If, on the other hand, IAl > r, then, since IX- Al < r, 
for any vertex y of Y we have r-(y) n A # 0. It follows that P(A) = Y, 
that is, IP( = 1 YI > [AI, which is the desired result. 
(ii) It suffices to prove that IP( > [A( for any subset A of X (see 
[4, p. 142, Exercise 31). Then we can complete the proof of this case by 
using arguments similar to those of (i). 
The following definition will be used in Lemma 2 and Theorem 3. 
DEFINITION 1. A path P: p1 -+ p2 + ... -+ pS is compatible with a 
matching M if either each arc ( p2i, pzi+ 1) is in M, 0 < i < s/2, or each 
arc (p2;+, , pzi+2 is in M, for 0 < i< s/2 - 1. Cycles compatible with a 
matching are defined analogously. 
LEMMA 2. Let D = (X, Y, E) be bipartite digraph in which every half- 
degree is at least r. If r < a < 2r - k, then D has a cycle of length at least 
a + k compatible with a matching M saturating X. 
Prooj; D has a matching M of cardinality 1x1, by Lemma 1. Choose M 
such that a path P: p1 -+p2+ . . . -+ pS compatible with M is the maxi- 
mum possible, 
Assume first that the arc (p,, pl) is present. Then clearly T+(p,) G V(P) 
and therefore the cycle C: p, -+ p2 -+ . + pS -+ p1 satisfies ICI 2 
2d+ (p,) Z a + k, which is the desired conclusion. 
Assume now that the arc (p,, p,) is not present. Then the vertex ps is in 
Y, since otherwise there would be a vertex pi such that the arc ( pF, p:) is 
in M, a contradiction to the maximality property of P. For the same 
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reason, there is no arc ( ps, z), where z is a vertex in D - P. Now, consider 
the vertex p,, 1 6 j< s - 2, dominated by pS, such that j is minimum, and 
then, let C be the cycle p, -+ pi+ 1 + .. . + p, + pi. It follows that 
(Cl 2 2d+ (p,) 2 a + k, which is the desired result. This completes the proof 
of Lemma 2. 
In view of Theorem 3, we define the following bipartite digraphs D,(a, b) 
and 0,(3, 6): D,(a, h): Let KT,, r d p < b-r (resp. K,*- ,.h.-p) be a com- 
plete digraph with bipartition (X, , Y,) (resp. (A’,, Y,)). Then D,(a, 6) 
consists of the disjoint union of K,?, and K,* ,,h--pr together with all the 
arcs between exactly one vertex of X, and all the vertices of Y,. 
0,(3, b) is the bipartite digraph with vertex-set V(D) = Xv Y, where 
x= {x1, x2, .x3} and Y= { yl, y2, . . . . yh}, b > 3, and arc-set E(D) = 
{(x,7 Y1L (Y,, x2), (x2, Y*), (Y2, .q,> u {b,, y,), (.Yi, -x3), 1 6 x-2) u 
{(yj,xj),(Xj>yi), 3<iib, lbjG2). 
DEFINITION 2. D;(a, 6) is the undirected graph obtained from Di(a, b) 
by deleting all antisymmetric arcs, and by replacing any two symmetric 
arcs by an edge (in particular, the graph D;(a, b) will be used in 
Corollary 5). 
The following theorem includes a positive answer to a conjecture 
proposed by N. Chakroun and the second author in [9]. 
THEOREM 3. Let D = (X, Y, E) be bipartite digraph in which every half 
degree is at least r. If a d 2r - 1, then D has a cycle of length 2a unless: 
(i ) h > a = 2r - 1 and D is isomorphic to D, (a, b) or 
(ii) r = 2, bba= 3, and D is isomorphic to D,(3, b). 
Prooj The proof for a = 2r - 1 is rather lengthy and involves much 
case analysis, so it has been omitted due to space and readability con- 
siderations. The proof of this theorem was originally presented in [2], 
where ail details can be found. In the following assume LI < 2r - 2. 
For r = 2 the conclusion is trivial, since in this case we have 
2 = r < a < 2r - 2 = 2, that is, a = 2. In what follows assume r > 3. The proof 
is by contradiction. Let us choose a matching M, M = { ( xk, yk), 1 < k < u} 
of cardinality (XI, such that a cycle C of maximum length, compatible with 
M, is the longest possible. Such a matching exists in D, by Lemmas I and 
2. Put C:X,~yl~..xm~ym-)X1. By our initial hypothesis, we have 
2m < 2a and by Lemma 2, we have 2m >a+ 2. Next consider a longest 
path P: p,-+pz+ ... +pS in D-C compatible with A4 and put 
R = D - (C v P). We distinguish two cases depending upon the length of P. 
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(A) The length of P is odd. 
First, we shall prove that the origin-vertex of P is in X and the end- 
vertex of P is in Y. Since P has an even number of vertices, we can see 
that the extremities are not in the same partition of D. Let us put 
P: y;+x; + y; ... -+ y;-, +x;, where xl E X, y,! E Y, 1 d i< p, and the 
arc (xi, y,!), is in M, for all i, 1 < i< p - 1. If the arc (XL, yb) is in M, we 
consider the path xi + y; . . + XL ~ i -+ xb -+ yb. If, on the other hand, the 
arc (XL, yb) is not in M, then exists a vertex yi in R such that the 
arc (XL, yi) is in M and consequently P is not of maximum length, a 
contradiction. This proves our assertion. Put now P: x; -+ y’, + . . . -+ 
XL -+ yb, where any arc (xl, y() is in A4, 1 < i < p. 
Second, we shall prove that d,f ( yb) 3 2 and d;(x;) 3 2. We have 
dd ( y;) = d+ ( yb) - dp’( yb) - dg ( yb). However, it follows from the maxi- 
mality of P that dR+( y,j,) = 0. Consequently, since p + m <a, that is 
p<a-(a-2)/2<(a-2)/2, we obtain d,f(l$)ar--p>r-(a--2)/2= 
(2r - a + 2)/2 > 2, which is the desired result. Similarly, we obtain 
d,(x;)>2. 
Let now y, and x~+~, k 3 1, be a pair of vertices of C satisfy- 
ing (xi+19 Y~+~, . . . . -Y~+~-~, yrfk-,) n [r-(-d,) u r+(yb)l = 0 and 
YiEC(4L xi+!f E rc ( yb). Then we have k 3 p + 1 (the indices are taken 
modulo m), since otherwise the cycle x~+~ + yi+k + . . + yi--+ 
x;+ . ..y.+x,+k would be compatible with M and longer than C, a 
contradiction. It follows that d,+ ( y;) + d; (xi) 6 m - p + 1. Consequently, 
we obtain 2r<d+(yL)+d-(x’,) < d,+(yb) + d&x’,) + dpf(yb) + d,+(x’,) 
+ d,+(yL) + d;(x;) < m - p + 1 + 2p = m + p+ 1, which is a con- 
tradiction for a Q 2r - 2, since m + p < a. 
(B) The length of P is even. 
First, we shall prove by contradiction that both the extremeties of P are 
in Y. Note that, since P has an odd number of vertices, 2p + 1 say, both 
its extremities are in the same partition of D. Put P: xi + y; --f . . + x; -+ 
Y;+x;+,Y where (xi, y:) E M, for 1 d i< p. Then there exists a vertex 
Y b+i such that the arc (XL+,, yj,+, ) is in A4, and this would permit us to 
find a path longer than P, a contradiction. It follows that P: yb -+ 
x;+ ... +x;+ y;,,. 
Second, as in Case (A), we may prove that d,f ( y;) 2 2 and d; ( yb) > 2. 
Now we shall complete the proof of Case (B) by calculating 
d+( y;) + dC( yb) and then obtaining a contradiction. Let xi and x~+~ be 
two distinct vertices of C such that {xi+ if xi+ 2, . . . . x~+~- i} n r-( yb) u 
r+(yb)=IZI and x,~&(yb), xifk E I-,‘( yb) (note that both xi and xitk 
exist, since d,+ ( y;) 2 2 and d; ( yb) 2 2). We have k 3 p + 1 (the indices are 
taken modulo m), for otherwise the cycle yb + .. . + yb + x~+~ + . . -+ 
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.‘ci + yb would be compatible with M and longer than C, a contradiction. 
It follows that 
d,+(y;+,)+d,(yb)~m-p+ 1. (1) 
Moreover 
Gb$)+4Jyb)~2p. (2) 
It remains to calculte d,‘( yb) + d; ( yb). However, this sum is equal to 0 
since otherwise one could easily find either a path contradicting the maxi- 
mality property of P (that is the case when d,+( yb) #O), or a matching 
contradicting the choice of M (that is the case when d; ( yb) # 0). It follows 
from (l), (2), and the last inequality that 2r < d+( yl,) + d-( yb) < 
m+ p + 1, that is, m + p>2r - 1, which is a contradiction for a< 2r-2. 
This completes the proof of the theorem. 
Remark. In the above theorem, the conditions on the half-degrees 
cannot be replaced by conditions on the degrees, since there are infinite 
families of strong bipartite digraphs without cycles of length 2a and mini- 
mum degree a + k, where 1 < k d a/2. For example, consider the complete 
bipartite digraph K$, where b > a 2 2k + 1, with bipartition (X, Y). 
Consider now a subset A of X of cardinality k + 1 and a subset B of Y 
of cardionality k and then delete all the arcs from A to Y-B. Clearly the 
resulting bipartite digraph has no cycle of length 2a, since there is no cycle 
which contains all the vertices of A. 
From Theorem 3, we obtain a series of corollaries. 
COROLLARY 4. Let D = (X, Y, E) be bipartite digraph such that each 
vertex has indegree and outdegree at least r. Then: 
(i) If a < 2r - 2, then D has cycles of all even lengths m, 2m <2a. 
(ii) If ad2r- 3, ra2, b>a, and if k is an integer, 1 dkda, then 
there exists a cycle of length 2k through any vertex y of Y. 
(iii) If a < 2r - 4 and if k is an integer, 1 <k <a, then there exists a 
cycle of length 2k through any vertex x of X. 
Proof: (i) For r = 2 we have a = 2, and then the conclusion is trivial. 
Assume r B 3. we distinguish two cases. 
First Case. b > a. 
It follows from Theorem 3 that D has a cycle C of length 2~. Then, since 
b > a, there exists a vertex y in D - C such that 1 E( y, C)l = r > a; hence we 
can complete the argument by Lemma b. 
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Second Case. b = a. 
Consider two vertices x and y of D, x E X and y E Y, such that either the 
arc (x, y) or the arc (y, x) is not present ( if such vertices do not exist then 
D is complete, which implies the conclusion of (i). Let D’ denote the graph 
D - x - y. Since a - 1 < 2(r - 1) - 1, it follows from Theorem 3 that D’ has 
a cycle of length 2(a - 1) unless it is isomorphic to D,(3,3) (D’ cannot be 
isomorphic to D,(a- 1, b - l), since it balances). If D’ is isomorphic to 
D,(3, 3) we can easily complete the proof. If, on the other hand, D’ has a 
cycle C of length 2(a - l), then we can, once more, complete the proof by 
Lemma b, since ]E(x, C)l = ]E(x, D)l - IE(x, y)/ = 2r - 1 > a- 1. 
(ii) Assume k 3 2, since the case k = 1 is trivial. Let y be a vertex of 
Y. Since a < 2(r - 1) - 1, it follows from Theorem 3 that D - y has a cycle 
C of length 2a unless it is isomorphic either to D,(a, b- 1) or to 
D,(3, b - 1). If D - y has a cycle of length 2a, we can complete the proof 
by Lemma c. If, on the other hand, D is isomorphic either to D,(a, b - 1) 
or to D,(3, b - 1 ), then we can, once more, see that the conclusion of (ii) 
is verified. 
(iii) Case k = 1 is trivial. In what follows, assume k > 2. Let .Y be a 
vertex of X, and also let y, z be distinct vertices of Y such that both the 
arcs (y, x) and (x, z) are present. Let D’ denote the bipartite digraph 
obtained from D-x - y-z by adding a new vertex s and the arcs 
{(s,w)~(z,w)EE(D)}~{(~,~)~(~, y)eE(D)}. Sincea-1<2(r-l)-3,it 
follows from (ii) that for all k, 1 6 k 6 a - 1, there is a cycle of length 2k 
through s; hence it is easy to see that the conclusion of (iii) is verified. 
The following corollary generalizes a theorem of J. Moon and 
L. Moser [ 111 and another one of J. Mitchem and E. Schmeichel [lo] for 
undirected bipartite graphs. 
COROLLARY 5. Let G = (X, Y, E) be a undirected graph with minimum 
degree 6. Zf 2 d a < 26 - 1, then D has a cycle of length 2a unless it is 
isomorphic to D;(a, b) (for D’,(a, b), see Definition 2). Moreover, if 
2 < a < 26 - 2, then D has cycles of all even lengths m, 4 < m < 2a. 
For paths of various lengths, we obtain the following. 
COROLLARY 6. Let D = (X, Y, E) be a bipartite digraph with haif- 
degrees at least r. Let x and y be two vertices of D. Then: 
(i) Zf a < 2r-4 and if x and y are not in the same partition, then 
there are paths from x to y of all odd lengths m, 3 < m < 2a - 1. 
(ii) Zf a < 2r - 5, b > a, and tf x and y are in Y, then there are paths 
from x to y of all even lengths m, 2 <m < 2a. 
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(iii) If a 6 2r - 6 and if x and y are in X, then there are paths jkom x 
to y of all even lengths m, 4 <m 6 2a - 2. 
Proof: (i) Let x and y be two vertices which are not in the same parti- 
tion of D. Let z be a vertex of D distinct of y, which is dominated by X. 
Let now D’ denote the graph obtained from D-x- y-z by adding a 
new vertex s and the arcs {(s, w)l(z, w)EE(D)} u {(w, s)i(w, ~)EE(D)}. 
Since a - 1 d 2(r - 1) - 3, there exist cycles of all even lengths m, 
2 d m d 2(a - 1 ), through s by Corollary 4 and therefore, the conclusion of 
(i) follows. 
(ii) Case m=2 is true, since ir+(~)nT~(y)l= IT+(x)1 + 
If-(y)1 - lr’(x)ur-(y)l >2r-a32. In what follows, assume m>4. 
Let D’ be the graph obtained from D - x - y by adding a new vertex s and 
the arcs {(s, WJ)~( x, w)EE(D)}uE(D)} u {(w,s)~(w, ~)EE(D)}. Then we 
can complete the proof by using argument similar to those of (i). 
(iii) The proof is similar to that of (ii), 
The following result for bipartite graphs follows directly from 
Corollary 6. 
COROLLARY 7. Let G = (A’, Y, E) be a bipartite graph with minimum 
degree& where2<a<26-4(resp. 2<a<26-5, 2<a<26-6). Then the 
part (i) (resp. (ii), (iii)) of Corollary 6 is also derifi:edfor G. 
In the remaining part of this paper, we shall give some analogous results 
for bipartite oriented graphs and bipartite tournaments. More precisely, we 
show in Theorem 9 that any bipartite oriented graph with half-degrees at 
least r, a < 2r, has cycles of many lengths. Next, we prove in Theorem 10 
that in a diregular bipartite tournament D, there are cycles of many lengths 
through any arc of D. 
The following lemma shall be used in the proof of Theorem 9. 
LEMMA 8. Let D be a digraph with half-degrees at least r. If n < 2r, then 
either any vertex x is on a cycle of every length m, 2 <m dn, or D is 
isomorphic to the complete bipartite digraph K&,,, ,n,Z,. 
Proof. Consider the digraph D-x. It follows from Theorem d that 
D - x has a hamiltonian cycle unless D = [(K, ~, u K, _ , ) + K, ] * or 
K,*- I,r E D c [K,_ 1 + Kr] * or D is isomorphic to D, or D, of Fig. 1. If 
D-x is hamiltonian, then we can complete the argument by Lemma c. If, 
on the other hand, we are in the remaining cases, we can verify that for any 
integer m, 2 dm 6 n, there exists a cycle of length m through x and this 
completes the proof. 
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In view of Theorem 10, we shall define the following bipartite oriented 
graph W4 PI, ICI, IDI) ( see also [3, 71). Let A, B, C, and D the disjoint 
sets such that JA 1 + ICI > I BI + JDI. Consider the disjoint union of A, B, C, 
and D and add all the arcs from A to B, from B to C, from C to D, and 
from D to A. The resulting bipartite digraph has cycles of length 4p, where 
p is an integer, 1 dpdmin(lAl, IBI, ICI, ID]). Moreover G has no cycle of 
length 2(IBI + IDI) when IBJ > ICI. 
Using Lemma 1 and methods analogous to those of Theorem 3, we 
proved the following statement for bipartite oriented graphs. 
THEOREM 9. Every bipartite oriented graph D = (X, Y, E) with minimum 
half-degree at least r, b > a and a Q 2r, has a cycle of length 2a. 
In the above theorem, D is essentially a bipartite tournament since it is 
not possible to have a < 2r. Moreover, the result is the best possible, 
because of the graph G(b - r - 1, r + 1, r, r). This graph also shows that 
Theorem 9 remains the best possible, even for r-connected bipartite tour- 
naments. 
THEOREM 10. Let D = (A’, Y, E) be a bipartite oriented graph with half- 
degrees at least r. If D is balanced, then either any arc is contained in a cycle 
of every even length m, 4 <m 6 n, or D is isomorphic to G(r, r, r, r). 
Proof: Let (xi, y,) be an arc of D. It follows from a theorem of Hall 
[4, p. 142, Exercise 33 that this arc contains a matching M of cardinality 
1x1. Let us put M= {(x,, y,)} u {(x,, yk), 2 <k < a} and then consider 
the graph D’ obtained from D by replacing every pair xk, y,, 1 < k < a, of 
vertices by a vertex sk and by adding the arc (si, si) in D’ iff the arc ( yi, xi) 
is present in D. It follows from Lemma 8 that either any vertex x in D’ is 
on a cycle of each length m’, 2 <m’< a, or D’ is isomorphic to Kg,,,,,,,,,. 
The conclusion follows for D. 
Theorem 10 remains valid even for diregular bipartite tournaments since, 
essentially, D is a diregular bipartite tournament. The analogous result for 
diregular tournaments was proved by Alspach in [ 11. 
For diregular bipartite oriented graphs the following may be true. 
Conjecture 1. Every r-diregular bipartite oriented graph of order less 
than 8r is hamiltonian. 
This conjecture, if true, would be the best possible because of the 
nonhamiltonian diregular bipartite oriented graph on 8r vertices, consisting 
of two disjoint copies of G(r, r, r, r). We note that Conjecture 1 would 
imply that a r-diregular bipartite tournament contains (r - 1)/2 pairwise 
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arc-disjoint hamiltonian cycles, which is of interest in connection with a 
conjecture of B. Jackson [7] (see Conjecture 3 below). 
Conjecture 1 is a special case of the following. 
Conjecture 2. Let D = (X, Y, E) be an oriented bipartite digraph of 
order n such that any vertex has indegree and outdegree at least r. If D has 
a matching from X into Y (resp. from Y into X) saturating X (resp. Y), 
then there exists a maximum function j(r), f(r) > 4r, such that if n <f(r), 
then D is hamiltonian. 
We think that this stronger conjecture is natural because of the extremal 
graph of Theorem 8. In fact, the reason that the graph G(b - r - 1, 
r + 1, r, r) has no cycle of length 2a is that, it has no matching from X into 
Y of cardinality 1x1. 
To conclude this paper we mention a conjecture proposed by B. Jackson 
in [7]. 
Conjecture 3 (B. Jackson). Every diregular bipartite tournament is 
decomposable into hamiltonian cycles. 
Some support for this conjecture may be deduced from the following 
result. 
THEOREM 11. Let D = (X, Y, E) be a r-diregular bipartite tournament. 
Color all the arcs from X to Y red. Then D contains exactly r pairwise red 
arc-disjoint hamiltonian cycles. 
Proof. It follows from a theorem of Ore (see [4, p. 143, Exercise 51) 
that D has r arc-disjoint matching from X into Y, each saturating X, hence 
we can complete the proof by using arguments similar to those of 
Theorem 9. 
A possible generalisation of Conjecture 3 is the following. 
Conjecture 4. Let D = (X, Y, E) be a bipartite oriented graph with half- 
degrees at least r, a = 2r. Then D has exactly r pairwise arc-disjoint cycles 
of length 2a. 
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